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VSHFWUDO SURSHUWLHV RI EXUJHUV DQG NS] WXUEXOHQFH
Y1Y1 DQK/ Q1Q1 OHRQHQNR/ DQG O1P1 VDNKQR
Devwudfw1 Wklv sdshu suhvhqwv wkh kljkhu0rughu vshfwudo ghqvlwlhv ri qrq0Jdxvvldq udqgrp
hogv dulvlqj dv vfdolqj olplwv lq wkh Exujhuv dqg NS] wxuexohqfh sureohpv zlwk vwurqjo|
ghshqghqw qrq0Jdxvvldq lqlwldo frqglwlrqv1
41 Lqwurgxfwlrq
Wkh Exujhuv htxdwlrq surylghv dq lpsruwdqw prgho ri k|gurg|qdplfdo wxuexohqfh1 Lw kdv
ehhq xvhg wr ghvfuleh d ydulhw| ri qrqolqhdu skhqrphqd lq zdyh sursdjdwlrq/ dfrxvwlfv dqg
sodvpd sk|vlfv +vhh/ iru h{dpsoh/ ^49/ 4:/ 64/ 88/ 8<`,1 Wkh errnv ^56/ 59/ 67/ 93` frqwdlq dq
h{whqvlyh eleolrjudsk| ri wkh vxemhfw dqg dq h{srvlwlrq ri vrph nh| uhvxowv ri wkh wkhru| ri
Exujhuv wxuexohqfh1
Wkh Exujhuv htxdwlrq zlwk udqgrp lqlwldo frqglwlrqv kdv ehhq h{whqvlyho| vwxglhg ^46048/ 4;/
4</ 57/ 5</ 68/ 6:/ 79/ 84/ 86/ 89`1 Jdxvvldq dqg qrq0Jdxvvldq vfhqdulrv iru sduderolfdoo| uhvfdohg
vroxwlrqv ri wkh Exujhuv htxdwlrq xqghu zhdno| ghshqghqw ru vwurqjo| ghshqghqw udqgrp lqlwldo
frqglwlrqv kdyh ehhq vwxglhg lq ^4/ 48/ 4;/ 57/ 68/ 73076`1 Wkhvh vfhqdulrv duh lq vrph vhqvh
vxeruglqdwhg wr wkh Jdxvvldq zklwh qrlvh phdvxuh1 Ixuwkhu uhodwhg sureohpv kdyh dovr ehhq
lqyhvwljdwhg> wkhvh lqfoxgh dv|pswrwlf glvwulexwlrqv ri dyhudjhv ri vroxwlrqv ri wkh Exujhuv
htxdwlrq zlwk udqgrp gdwd ^44/ 5</ 84`/ vwdwlvwlfv ri vkrfnv dqg uhodwhg wrslfv ^89`/ k|shuerolf
dv|pswrwlfv ^79`/ odujh ghyldwlrq sulqflsoh dqg vwdwlvwlfv ri vkrfn zdyhv ^46/ 47/ 86`1
D uhodwhg htxdwlrq zklfk sod|v dq lpsruwdqw uroh lq ghvfulelqj wkh hyroxwlrq ri wkh suroh
ri d jurzlqj lqwhuidfh lv wkh Ndugdu0Sdulvl0]kdqj +NS], htxdwlrq +vhh ^43/ 64/ 93`,1 Wkh edvlf
irup ri wkh NS] htxdwlrq iru lqwhuidfh hohydwlrq lv rewdlqhg iurp wkh khdw htxdwlrq yld d orj
wudqvirup +vhh Vhfwlrq 6,/ zkloh wkh judglhqw ri wklv hohydwlrq iroorzv wkh Exujhuv htxdwlrq +^93`/
s1 43,1 D frqvwuxfwlrq ri wkh NS] htxdwlrq yld dq dssurdfk lqyroylqj fkhplfdo srwhqwldo zdv
ghwdlohg lq ^65`1 Wkh NS] htxdwlrq zlwk orqj0udqjh lqwhudfwlrqv zdv lqyhvwljdwhg lq ^63/ 66/ 7;`/
zkloh wkh NS] htxdwlrq xqghu wkh dgglwlrqdo srvvlelolw| wkdw vxuidfh wudqvsruw pd| eh hhfwhg
yld d krsslqj phfkdqlvp ri d Oìy|  ljkw zdv vwxglhg lq ^77`1
Jxuedwry hw do1 ^5:` vwxglhg wkh ghfd| ri wkh udqgrp vroxwlrqv ri wkh xqirufhg Exujhuv htxd0
wlrq lq rqh glphqvlrq lq wkh olplw ri ydqlvklqj ylvfrvlw|1 Lq sduwlfxodu/ wkh| lqyhvwljdwhg wkh
fdvh zkhq wkh lqlwldo ylvfrvlw| lv krprjhqhrxv dqg Jdxvvldq zlwk d vshfwudo ghqvlw| sursru0
wlrqdo wr +lq rxu qrwdwlrq, mm   dw vpdoo mm/ zkhuh 4 ?  ? 5= Dw odujh wlphv/ wkh| rewdlqhg
wkuhh vfdolqj uhjlrqv ri vlqjxodulw| ri wkh vroxwlrqv1 Rq wkh rwkhu kdqg/ Jxuedwry ^58` vwxg0
lhg wkh glvwulexwlrqdo qrq0Jdxvvldq surshuwlhv ri wkh xqirufhg pxowlglphqvlrqdo Exujhuv dqg
NS] htxdwlrqv lq wkh olplw ri ydqlvklqj ylvfrvlw|1 Lw vkrxog eh qrwhg wkdw ydqlvklqj ylvfrvlw|
fruuhvsrqgv wr k|shuerolfdoo| uhvfdohg vroxwlrqv ri wkh htxdwlrqv1
Gdwh = 46 Qryhpehu 53381
4<<4 Pdwkhpdwlfv Vxemhfw Fodvvlfdwlrq1 Sulpdu| 95P73/ 95P48> Vhfrqgdu| 93K48/ 93J931
Nh| zrugv dqg skudvhv1 Exujhuv* htxdwlrq/ wkh NS] htxdwlrq/ vfdolqj odzv/ kljkhu0rughu vshfwudo ghqvlwlhv/
orqj0udqjh ghshqghqfh/
Sduwldoo| vxssruwhg e| wkh Dxvwudoldq Uhvhdufk Frxqflo judqwv GS36788:: dqg GS388<;3:/ wkh HSVUF judqw
UFPW3<4/ dqg wkh QDWR judqw SVW1FOJ1<;373;1 Wkh dxwkruv duh judwhixo wr wkh uhihuhhv dqg wkh Hglwru0lq0





Lq wklv sdshu/ zh zloo eh frqfhuqhg zlwk sduderolfdoo| uhvfdohg vroxwlrqv ri Exujhuv dqg
NS] htxdwlrqv1 Wkhvh sduderolfdoo| uhvfdohg vroxwlrqv duh lq idfw dssur{lpdwlrqv wr wkh k|0
shuerolfdoo| uhvfdohg vroxwlrqv1 Zh suhvhqw wkh vhfrqg0 dqg kljkhu0rughu vshfwudo ghqvlwlhv ri
krprjhqhrxv +lq vsdfh, udqgrp hogv dulvlqj dv uhvfdohg vroxwlrqv ri wkh Exujhuv dqg NS]
htxdwlrqv zlwk vlqjxodu qrq0Jdxvvldq lqlwldo frqglwlrqv1 Wklv zrun lv d frqwlqxdwlrq ri wkrvh
e| Ohrqhqnr dqg Zr|f}|qvnl ^6:06<`/ lq zklfk wkh vhfrqg0rughu vshfwudo ghqvlwlhv zhuh vwxglhg
iru wkh Exujhuv wxuexohqfh sureohp zlwk qrq0Jdxvvldq vlqjxodu gdwd/ dqg Dqk/ Ohrqhqnr dqg
Vdnkqr ^9`/ lq zklfk vhfrqg0 dqg kljkhu0rughu vshfwudo ghqvlwlhv zhuh jlyhq iru iudfwlrqdo udq0
grp hogv dulvlqj dv uhvfdohg vroxwlrqv ri wkh khdw dqg iudfwlrqdo khdw htxdwlrqv zlwk vlqjxodu
udqgrp gdwd +iru ixuwkhu ghwdlov rq wkhvh htxdwlrqv/ vhh ^507`,1
Lq d vhqvh/ qrq0Jdxvvldq vfhqdulrv duh pruh uhdolvwlf prghov ri }hur ylvfrvlw| wkdq Jdxvvldq
vfhqdulrv1 Ixuwkhupruh/ wr surylgh d ixoo ghvfulswlrq ri vlqjxodulw|/ zh kdyh wr frqvlghu kljkhu0
rughu vshfwudo ghqvlwlhv dqg wkhlu vlqjxodu surshuwlhv +vhh Vhfwlrq 5 iru Exujhuv wxuexohqfh dqg
Vhfwlrq 6 iru NS] wxuexohqfh,1 Exw hyhq iru wkh vhfrqg rughu/ rxu uhvxowv iru wkh vshfwudo ghqvlw|
lq rqh glphqvlrq fdq eh frpsduhg zlwk wkh uhvxowv ri ^5:`1 Lqghhg wkh vlqjxodu surshuw| ri wkh
hqhuj| vshfwuxp ri wkh lqlwldo frqglwlrq +51<, lv wudqviruphg e| wkh Exujhuv htxdwlrq lqwr wkh
vlqjxodu surshuw| +5146,/ zklfk iru q @ 4> o @ n @ 4 dqg xs wr d frqvwdqw uhdgv mm   h ffi ! #"%$'& >  @
5.4> 3 ?  ? 4@5= Wklv uhvxow lv h{dfwo| wkh vdph dv irupxod +455, ri ^5:`1 Krzhyhu/ zh fdq vhh
iurp +5146, wkdw wkhvh vlqjxodu surshuwlhv ghshqg rq wkh glphqvlrq q> dqg wkh uhvxowv fkdqjh
gudpdwlfdoo| vwduwlqj iurp glphqvlrq q  61 Lq rxu rslqlrq/ erwk qrq0Jdxvvldq vfhqdulrv
lq sduderolfdoo| uhvfdohg Exujhuv dqg NS] htxdwlrqv dqg vlqjxodu surshuwlhv ri kljkhu0rughu
vshfwudo ghqvlwlhv surylgh d ghvfulswlrq ri Exujhuv dqg NS] wxuexohqfh frpsohphqwdu| wr wkdw
ri ^58/ 5:` yld ydqlvklqj ylvfrvlw| wrjhwkhu zlwk d srzhu0odz lqyhvwljdwlrq ri wkh vroxwlrqv1
Wkh forvhg0irup h{suhvvlrqv ri kljkhu0rughu vshfwudo ghqvlwlhv lq wxuq zloo sod| dq hvvhqwldo
uroh lq wkh vwdwlvwlfdo hvwlpdwlrq ri wkhvh udqgrp hogv1 Lq idfw/ lq wkh suhvhqfh ri srvvleoh
orqj0udqjh ghshqghqfh/ qrq0Jdxvvldqlw| dqg qrq0olqhdulw| lqkhuhqw lq wkh irupxodwhg prghov/
sduwlfxoduo| lq d vlwxdwlrq zkhuh xvhixo lqirupdwlrq lv frqwdlqhg lq kljkhu rughuv udwkhu wkdq
wkh vhfrqg rughu/ dq hvwlpdwlrq wkhru| xvlqj lqirupdwlrq lq kljkhu0rughu vshfwudo ghqvlwlhv lv
pruh yldeoh1 Vrph frpsrqhqwv ri vxfk d wkhru| duh surylghg lq ^:0<` edvhg rq wkh plqlpxp
frqwudvw sulqflsoh1
51 Qrq0Jdxvvldq vfhqdulrv lq Exujhuv wxuexohqfh dqg wkhlu vshfwud
Frqvlghu wkh q0glphqvlrqdo Exujhuv htxdwlrq
Cx
Cw . +x>u,x @ x>  A 3>+514,
vxemhfw wr wkh udqgrp lqlwldo frqglwlrqv lq srwhqwldo irup=
x+3> {, @ u+{,> { 5 U ( >+515,
zkhuh  ghqrwhv wkh q0glphqvlrqdo Odsodfldq dqg u wkh judglhqw rshudwru lq U ( 1 Htxdwlrq
+514, ghvfulehv wkh wlph hyroxwlrq ri wkh yhorflw| hog
x+w> {, @ +x ) +w> {,> ===> x ( +w> {,, > +w> {, 5 +3>4,U ( > q  4=
Zh zloo dvvxph wkdw wkh lqlwldo yhorflw| srwhqwldo +{, lv d vfdodu udqgrp hog ri wkh irup
ghvfulehg lq Frqglwlrq D ehorz1
Htxdwlrq +514, lv d sduderolf htxdwlrq zlwk txdgudwlf/ lqhuwldo qrqolqhdulw|/ zklfk fdq eh
ylhzhg dv d vlpsolhg yhuvlrq ri wkh Qdylhu0Vwrnhv htxdwlrq zlwk wkh suhvvxuh whup us rplwwhg/
dqg zlwk wkh ylvfrvlw| frh!flhqw  fruuhvsrqglqj wr wkh lqyhuvh ri wkh Uh|qrogv qxpehu +vhh
^84`/ s1485,1 Zlwk udqgrp lqlwldo gdwd/ wkh sureohp +514,0+515, lv dovr nqrzq dv wkh Exujhuv
wxuexohqfh sureohp1
*+	,-	,flff	./0213+	,*+	4 5
Yld wkh Froh0Krsi wudqvirupdwlrq
x+w> {, @ 5u orj k+w> {,>+516,
wkh Exujhuv sureohp +514,0+515, lv uhgxfhg wr wkh sduderolf0w|sh htxdwlrq
Ck
Cw @ k> w A 3> { 5 U (+517,
vxemhfw wr wkh lqlwldo frqglwlrq
k+3> {, @ k 6 +{, @ h{s
+{,5 +518,
+vhh h1j1 ^59/ 8<`,1
Wkh ixqgdphqwdo vroxwlrq wr +517, lv ri wkh irup
k+w> {, @ 4+7w, (87  h{s





" k+w> { |,h ffi >fi? @BA&DC g|U 93: k+w> { |,h ffi >fi? @BA&DC g|+51:,
vroyhv wkh lqlwldo0ydoxh sureohp +514,0+516,1
Zh qrz lqwurgxfh wkh iroorzlqj frqglwlrq frqfhuqlqj wkh lqlwldo yhorflw| srwhqwldo1
D1 Wkh lqlwldo yhorflw| srwhqwldo +{, lv d udqgrp hog ri wkh irup
+{, @   +{, 4> { 5 U ( >
zkhuh wkh udqgrp hog +{, lv d uhdo phdvxudeoh krprjhqhrxv dqg lvrwurslf Jdxvvldq hog
zlwk H +{, @ 3/ H  +{, @ 4 dqg fryduldqfh ixqfwlrq ri wkh irup
E +{, @ n{n ffiE O+n{n,> 3 ?  ? q> dv {$4/+51;,
zkhuh wkh ixqfwlrq O+w,> w A 3> lv vorzo| ydu|lqj dw lqqlw| dqg lv erxqghg rq hdfk erxqghg
lqwhuydo1 Ixuwkhupruh/ wkh vshfwudo ghqvlw| i+,>  5 U ( > ri wkh hog  +{, h{lvwv/ lv ghfuhdvlqj
iru nn   6 A 3 dqg frqwlqxrxv iru doo  9@ 3=
Qrwlqj wkdw wkh udqgrp hog  +{, ri Frqglwlrq D fdq eh uhsuhvhqwhg dv
 +{, @
]
93: h F G $H ;#I si+,Z +g,>
zkhuh Z +, lv d Jdxvvldq zklwh qrlvh/ dqg iurp wkh Wdxehuldq wkhruhp iru Kdqnho w|sh
wudqvirup +vhh/ iru lqvwdqfh/ ^67`/ Wkhruhp 41417 ,/ zh rewdlq wkdw wkh vshfwudo ghqvlw| i+,
vdwlvhv
i+nn,  nn Effi ( O 4nn f+q> ,> 3 ?  ? q> nn $ 3>+51<,
zkhuh f+q>, lv wkh Wdxehuldq frqvwdqw








 (87  +@5, =+5143,
Wkh uhvxow +51<, phdqv wkdw wkh lqlwldo frqglwlrq xqghu frqvlghudwlrq glvsod|v d vlqjxodu surs0




Zh zloo vwxg| wkh vshfwudo surshuwlhv ri wkh olplw glvwulexwlrqv ri wkh uhvfdohg vroxwlrqv/
qdpho|/ zlwk sduderolf vfdolqj/ ri wkh Exujhuv htxdwlrq +514, zlwk lqlwldo gdwd +515, vdwlvi|lqj
Frqglwlrq D1 Wkhvh sduderolf vfdolqj olplwv ri wkh vroxwlrq fdq eh ghvfulehg lq whupv ri wkhlu
pxowlsoh vwrfkdvwlf lqwhjudo uhsuhvhqwdwlrq dv vwdwhg lq wkh iroorzlqj wkhruhp +vhh ^67/ 68/ 74`,1
Wkhruhp 41 Ohw x+w> {,> + w> {, 5 +3>4,U ( > eh d vroxwlrq ri wkh lqlwldo ydoxh sureohp +514,0
+515, zlwk wkh udqgrp lqlwldo frqglwlrq +{, @   +{,4 vdwlvi|lqj Frqglwlrq D dqg  5 +3> q@5,1
Wkhq wkh qlwh0glphqvlrqdo glvwulexwlrqv ri wkh udqgrp hogv







O+4@s%, x w@%> {@s% > + w> {, 5 +3>4,U ( > 3 ?  ? q@5>
frqyhujh zhdno|/ dv % $ 3/ wr wkh qlwh0glphqvlrqdo glvwulexwlrqv ri wkh yhfwru hog ] ) +w> {, >
+ w> {, 5 +3>4,  U ( > krprjhqhrxv lq {/ zlwk wkh iroorzlqj pxowlsoh vwrfkdvwlf lqwhjudo uhsuh0
vhqwdwlrq=




















& + ) .   ,
+n ) n n  n, G ( ffiE I 7  Z +g ) ,Z +g  , >+5144,




dqg wkh grxeoh vwrfkdvwlf lqwhjudo U M === lv hydoxdwhg zlwk uhvshfw wr wkh Jdxvvldq frpsoh{ zklwh
qrlvh phdvxuh Z +, lq U ( zlwk wkh gldjrqdo k|shusodqhv  ) @ 	  ehlqj h{foxghg iurp wkh
grpdlq ri wkh lqwhjudwlrq1
Zh qrz ghvfuleh wkh vhfrqg0rughu dqg kljkhu0rughu vshfwudo ghqvlwlhv ri wkh qrq0Jdxvvldq
yhfwru udqgrp hog ] ) +w> {, uhsuhvhqwlqj wkh olplw ri wkh sduderolfdoo| uhvfdohg vroxwlrq ri wkh
sureohp +514,0+515,1 Qrwh wkdw glhuhqw qrq0Jdxvvldq vfhqdulrv duh dovr jlyhq lq ^57/ 73/ 75/
76`1
Ohw xv uhfdoo uvwo| wkh ghqlwlrq ri wkh fxpxodqw vshfwud ri rughu n  5 ri d yhfwru0ydoxhg
vwulfwo| vwdwlrqdu| phdq0}hur frqwlqxrxv0sdudphwhu udqgrp hog ] +{, @ i] ) +{,> ===> ]S +{,j/
{ 5 U ( = Zh zloo vxssrvh wkdw wkh prphqwv ri doo rughuv ri ]T +{,/ m @ 4> 5> ===> s h{lvw dqg ghqh
f U N!V V V U W +{ ) > ===> { X , @ 4l X
C X
Cx ) ===Cx X orjH h{s
;?=l X[
TZY)









@ fxp i] U N +{ ) ,> ===> ] U W +{ X ,j >
{ ) > ===> { X 5 U ( > 4  o
F
 s> l @ 4> ===> n> n  5= Lq ylhz ri wkh vwulfw vwdwlrqdulw| ri wkh hog
] +{, > wklv fxpxodqw ixqfwlrq vdwlvhv
f U N!V V V U W +{ ) > ===> { X , @ f U NBV V V U W +{ )  { X > ===> { X
ffi
)  { X > 3, =
Wkh fxpxodqw vshfwud ri rughu n iru wkh hog ] +{, duh ghqhg dv frpsoh{0ydoxhg lqwhjudeoh
ixqfwlrqv
i U N!V V V U W + ) > ===>  X
ffi
) , 5 O ) U G X ffi ) I ( 
vxfk wkdw
f U NBV V V U W +{ )  { X > ===> { X
ffi
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TZY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+T > {T  { X ,
<@>
i U N V V V U W + ) > ===>  X
ffi
) , g ) ===g X
ffi
) >
surylghg wkdw vxfk ixqfwlrqv h{lvw1
*+	,-	,flff	./0213+	,*+	4 ^
Lq wkh iroorzlqj/ zh zloo qhhg wr frqvlghu wkh v|pphwul}hg yhuvlrq ri d ixqfwlrq ri n  4
yduldeohv i + ) > ===>  X
ffi
) ,/ zkhuh v|pphwul}dwlrq lv wdnhq ryhu n yduldeohv  ) > ===>  X vxfk wkdwS
X
TZY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i + ) > ===>  X
ffi
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zkhuh S X lv wkh vhw ri doo n$ shupxwdwlrqv  @ + +4, > ===>  +n,, ri wkh vhw i4> ===> nj dqg wkh
yduldeohv  ) > ===>  X vdwlvi| wkh uhvwulfwlrqS X
ThY)
T @ 3=
Wkh vhfrqg0rughu dqg kljkhu0rughu vshfwud ri wkh qrq0Jdxvvldq udqgrp hog ] ) +w> {, duh
suhvhqwhg lq wkh qh{w wkhruhp1










+w> {,,> + w> {, 5 +3>4,  U ( >
ghqhg e| wkh uhsuhvhqwdwlrq +5144, zlwk {hg w A 3 lv vwulfwo| vwdwlrqdu| lq {= Lwv prphqwv ri
doo rughuv h{lvw dqg wkh fruuhvsrqglqj fxpxodqw vshfwud fdq eh h{suhvvhg dv iroorzv1
+d, Wkh vshfwudo ghqvlwlhv ri vhfrqg rughu duh jlyhq e|
i U X +, @  i f
 +q> ,
+4 . ,  n+,h ffi
! O"QPD$fP
& nn  Effi (  G U I  G X I >
o> n @ 4> ===> q>  @

 G ) I > ===>  G ( I
 5 U ( =+5146,
+e, Wkh vshfwudo ghqvlwlhv ri rughu n  6 duh jlyhq e|
i U N V V V U W + ) > ===>  X
ffi
) , @




f X +q>, 5 X +n  4,$
 v|pi $ N H V V V H $ W ` j Wk l N $ k Yfl6 j ik U NBV V V U W + ) > ===>  X ffi ) ,j >
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 5 U ( >+5147,
zkhuh
k U N!V V V U W + ) > ===>  X
ffi








































j X + ) > ===>  X
ffi
) , =
Khuh zh kdyh ghqrwhg
n +, @  (87 
+   E  
  ( ffiE ,    (   +, >+5148,










 ( ffiE =+5149,
Iurp Wkhruhp 5 rqh fdq vhh wkdw wkh olplwlqj udqgrp hog ] ) +w> {, ri wkh uhvfdohg vroxwlrqv
wr +514,0+515, kdv vlqjxodu surshuwlhv1 Ohw xv qrz orrn dw wkhvh surshuwlhv lq pruh ghwdlov1
Iurp wkh irupxod +5146,/ wkh vlqjxodu surshuwlhv ri wkh vhfrqg0rughu vshfwudo ghqvlwlhv fdq eh
ghgxfhg/ qdpho|/ wkh pdwul{ ri wkh vhfrqg0rughu vshfwudo ghqvlwlhv vdwlvhv
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dqg zh fdq dovr frqfoxgh wkdw/ iru hdfk hohphqw ri wkh pdwul{ ri wkh vhfrqg0rughu vshfwudo








( > wkh vdph ehkdylru dw wkh ruljlq krogv1











+w> {,,> + w> {, 5 +3>4,U ( > duh qlwh iroorzv iurp wkh jhqhudo wkhru| ri pxowlsoh vwrfkdvwlf
lqwhjudov1 Zh dovr qrwh wkh iroorzlqj lqhtxdolwlhv gxh wr PfNhdq ^78` dqg Qxdoduw/ Xvwxqho dqg
]dndl ^7<` uhvshfwlyho|=
H
] G F I
)
+w> {,
 Bo   5uu$5 o   H ] G F I) +w> {,   o >
dqg
H
] G F I
)
+w> {,
 o  +u  4, o H ] G F I
)
+w> {,
  o 7 
+dqg/ hylghqwo|/ dqdorjrxv lqhtxdolwlhv fdq eh rewdlqhg iru wkh pl{hg prphqwv,1
Surshuwlhv ri wkh vshfwudo ghqvlwlhv ri rughu n  6 ri wkh udqgrp hog ] ) +w> {, fdq eh ghgxfhg
iurp wkhlu uhsuhvhqwdwlrq +5147, zkhuh wkh vlqjxodu lqwhjudov +5149, duh lqyroyhg1 Frqvlghu/ iru
h{dpsoh/ wkh fdvh n @ 61 Xvlqj wkh Ulhv} frpsrvlwlrq irupxod +vhh Dsshqgl{ D,/ zh kdyh iru
wkh ixqfwlrq j p + ) >   ,=
j p + ) >   , @
]
93: +nn n.  ) n n.  ) .   n, Effi ( g
 ] 9 : +nn n.  ) n, p G Effi ( I 7  g ) 7 p
 ] 9 : +nn n.  ) .   n, p G Effi ( I 7  g ) 7 p
 ] 93: +n.  ) n n.  ) .   n, p G Effi ( I 7  g ) 7 p
 n65 q5 +n ) n n  n n ) .   n, G p Effi  ( I 7 p
iru (
p
?  ? (  1 Wkh odvw lqhtxdolw| hqdeohv xv wr frqfoxgh/ lq sduwlfxodu/ wkdw
zkhq  ) $ 3> j p + ) >   , @ R n ) n Effi  (87 p  >
zkhq   $ 3> j p + ) >   , @ R n  n Effi  (87 p  >
dqg zkhq $ 3> j p +>, @ R nn p Effi  (  =
Qrwh wkdw wkh ixqfwlrqv j X + ) > ===>  X
ffi
) , uhsuhvhqwhg e| wkh irupxod +5149, dv vlqjxodu lqwhjudov
zloo dovr dsshdu lq wkh qh{w vhfwlrq lq wkh h{suhvvlrqv iru kljkhu0rughu vshfwudo ghqvlwlhv iru ds0
sur{lpdwlrqv ri uhvfdohg vroxwlrqv ri NS] htxdwlrqv zlwk vlqjxodu qrq0Jdxvvldq lqlwldo frqgl0
wlrqv1 Wkh ixqfwlrqv j X + ) > ===>  X
ffi
) , dqg vlplodu ixqfwlrqv kdg dovr ehhq xvhg lq wkh ghvfulswlrq
ri kljkhu rughu vshfwudo ghqvlwlhv iru dssur{lpdwlrqv ri wkh uhvfdohg vroxwlrqv ri wkh khdw dqg
iudfwlrqdo khdw htxdwlrqv zlwk vlqjxodu udqgrp gdwd lq ^9`1 Zh vkrxog qrwh vrph lqdffxudflhv
zklfk rffxuuhg wkhuh zkhq hydoxdwlqj wkh ehkdylru ri wkhvh ixqfwlrqv1 Lq idfw/ Uhpdunv 7/ 8 dqg
*+	,-	,flff	./0213+	,*+	4 q
wkh vhfrqg sduw ri Uhpdun 9 frqfhuqlqj wkh fdvh s  6 vkrxog eh glvuhjdughg iurp wkh h{srvlwlrq1





?  ? (
r
vkrxog eh grqh lq wkh vdph pdqqhu dv iru wkh ixqfwlrqv j p deryh1 Zh dovr qrwh d
plvsulqw lq Uhpdun 9= wkh idfwru h ffi ! #"!PD$P & lv plvvlqj lq wkh h{suhvvlrq iru wkh vshfwudo ghqvlw|
V fiH  +, 1
Ohw xv qrz frqvlghu wkh fodvv ri qrq0Jdxvvldq olplwlqj glvwulexwlrqv ri wkh vroxwlrq wr wkh
lqlwldo ydoxh sureohp +514,0+515, lq wkh fdvh zkhuh wkh lqlwldo yhorflw| srwhqwldo lv d "  0hog ri
ghjuhh s zlwk orqj0udqjh ghshqghqfh ghvfulehg lq wkh iroorzlqj frqglwlrq1









+{, 4,> { 5 U ( >




+{,, M / { 5 U ( / lv d uhdo phdvxudeoh krprjhqhrxv lvrwurslf doprvw
vxuho| glhuhqwldeoh yhfwru Jdxvvldq hog zlwk H+{, @ 3 dqg fryduldqfh pdwul{











+n{n, @ d+n{n,> l @ 4> ===> s>
E
F
T +n{n, @ e+n{n,> l 9@ m> l> m @ 4> ===> s>
dqg
d+3, @ 4/ e+3, @ 
6
5 ^3> 4,>
d+n{n, @ n{n ffiE O+n{n,/ e+n{n, @  u n{n ffiE O+n{n, dv n{n $4/ u 5 ^3> 4,/  A 31
Khuh/ wkh ixqfwlrq O+w,/ w A 3/ lv vorzo| ydu|lqj dw lqqlw| dqg lv erxqghg rq hdfk erxqghg
lqwhuydo1




+{, duh lqghshqghqw frslhv ri wkh Jdxvvldq
udqgrp hog +{, vdwlvi|lqj Frqglwlrq D1
Qrwh wkdw wkh udqgrp hog 
S
















@ ^4 . +s 4,
6




` ffi ) 7  >




+{,, M / { 5 U ( / lv d Jdxvvldq yhfwru hog zlwk lqghshqghqw frpsrqhqwv/
H+{, @ 3 dqg fryduldqfh pdwul{






E )h) +n{n, @  
)
^d+n{n, . +s 4,e+n{n,`>
E
FvF
+n{n, @  
F
^d+n{n, e+n{n,`> l @ 5> ===> s>
dqg E
F
T +n{n, @ 3/ l 9@ m1
F1 Wkh vshfwudo ghqvlwlhv i
F
+nn,/ l @ 4> ===> s ri wkh udqgrp hogv 
F
+{,/ l @ 4> ===> s> h{lvw dqg
duh ghfuhdvlqj iru nn   6  3 dqg frqwlqxrxv dw doo  9@ 31
Ohw xv lqwurgxfh wkh txdqwlwlhv




















































gx ) = = = gxS >
 T @ 4+5,S 7 
]














gx ) = = = gxS > m @ 5> ===> s=
Wkh iroorzlqj wkhruhp zdv hvwdeolvkhg lq ^76`1
Wkhruhp 61 Ohw x+w> {,> + w> {, 5 +3>4,U ( > eh d vroxwlrq ri wkh lqlwldo ydoxh sureohp +514,0
+515, zlwk udqgrp lqlwldo frqglwlrq +{, @ 
S
+{,> { 5 U ( > vdwlvi|lqj Frqglwlrqv E dqg F zlwk
 5 +3> q@5,1 Wkhq wkh qlwh0glphqvlrqdo glvwulexwlrqv ri wkh udqgrp hogv







O+4@s%, x w@%> {@s% > + w> {, 5 +3>4,U ( > 3 ?  ? q@5>
frqyhujh zhdno|/ dv % $ 3> wr wkh qlwh0glphqvlrqdo glvwulexwlrqv ri wkh yhfwru krprjhqhrxv
+lq {, udqgrp hog
]  +w> {, @
S[
ThY)
 T \ T +w> {,
5 6 > + w> {, 5 +3>4,U ( > 3 ?  ? q@5>+514<,
zkhuh \ T +w> {,/ m @ 4> ===> s/ +w> {, 5 +3>4,  U ( / duh lqghshqghqw frslhv ri wkh qrq0Jdxvvldq
udqgrp hog ] ) +w> {, ghqhg e| wkh uhsuhvhqwdwlrq +5144,/ dqg  6 /  ) > = = = /  S duh ghqhg e| wkh
irupxodh +514;,1
Zh wkhq kdyh wkh iroorzlqj frqvhtxhqfh ri Wkhruhp 51








 +w> {,,/ + w> {, 5 +3>4,  U ( > gh0
qhg e| wkh uhsuhvhqwdwlrq +514<, zlwk {hg w A 3 lv vwulfwo| vwdwlrqdu| lq {= Lwv prphqwv ri doo














i U N V V V U W + ) > ===>  X
ffi
) , >
zkhuh i U N!V V V U W + ) > ===>  X
ffi
) ,/ 4  o
F
 q/ l @ 4> ===> n/ n @ 5> 6> ===/ duh jlyhq e| wkh irupxodh +5146,
dqg +5147,1
61 NS] wxuexohqfh sureohp
Wkh NS] htxdwlrq ghvfulehv dq hyroxwlrq ri wkh suroh ri d jurzlqj lqwhuidfh +vhh ^43/ 58/
64/ 93` dqg wkh uhihuhqfhv wkhuhlq,1 Wr lqwurgxfh wkh NS] wxuexohqfh sureohp/ zh uvw frqvlghu
wkh iroorzlqj lqlwldo0ydoxh sureohp iru wkh khdw htxdwlrq zlwk h{whuqdo srwhqwldo !=
Ck
Cw @ k k  !+614,
vxemhfw wr wkh lqlwldo frqglwlrq
k+3> {, @ k 6 +{, @ h{s
+{,5  > { 5 U ( >+615,
zkhuh k @ k+w> {,> w A 3> { 5 U ( > ! @ !+{, dqg  A 31
Lqwurgxflqj wkh wudqvirupdwlrq
#+w> {, @ 5 orjk+w> {,> w A 3> { 5 U ( >
*+	,-	,flff	./0213+	,*+	4 {
zh duulyh dw wkh iroorzlqj vr0fdoohg NS] htxdwlrq
C#
Cw @ # .
4
5 nu#n   5!+616,
vxemhfw wr wkh lqlwldo frqglwlrq
#+3> {, @ #
6
+{, @ +{,> { 5 U ( =+617,
Wkxv/ iru h{whuqdo srwhqwldo !  3> zh rewdlq wkh iroorzlqj vroxwlrq wr wkh lqwldo0ydoxh sureohp
+616, 0 +617,=
#+w> {, @ 5 orj
%]
93: h{s
+n{ |n 7w , 4+7w, (87  h ffi >fi? @BA&RC g|& >+618,
zklfk lv qdwxudoo| fdoohg wkh vroxwlrq ri wkh NS] wxuexohqfh sureohp +616, 0 +617,/ li +{, lv d
phdvxudeoh udqgrp hog vxfk wkdw wkh lqwhjudo +618, h{lvwv lq wkh phdq0vtxduh vhqvh1









   5!>+619,
#+3> {, @ +{,>+61:,
dqg/ e| xvlqj vrph uhvxowv ri ^44`/ lwv vroxwlrq fdq eh zulwwhq grzq iru wkh fdvhv ri d olqhdu
h{whuqdo srwhqwldo
!+{, @ d. e{>+61;,
dqg d txdgudwlf h{whuqdo srwhqwldo
!+{, @ d. e{  > e A 3=+61<,
Lqghhg/ iru wkh olqhdu h{whuqdo srwhqwldo +61;,/ wkh vroxwlrq ri wkh NS] wxuexohqfh sureohp +619,
0 +61:, lv ri wkh irup
#+w> {, @ 5w+d. e{, . 5 6 e  w p . 5 orj
]
9 h{s
+{ |  ew  , 7w  4s7wh ] >fi? @BA&RC g| >+6143,
zkloh iru wkh txdgudwlf h{whuqdo srwhqwldo +61<,/ wkh fruuhvsrqglqj vroxwlrq lv ri wkh irup




+ ^{ | frvk+$w,` s@e vlqk+5$w, , 4^5s@e vlqk+$w,` ) 7  h ] >fi? @BA&DC g|& >+6144,
li erwk vwrfkdvwlf lqwhjudov +6143, dqg +6144, h{lvw lq wkh phdq0vtxduh vhqvh/ dqg
$ @ 5se=+6145,











vxemhfw wr lqlwldo frqglwlrq
#+3> {, @ +{,> { 5 U>+6147,
zkhuh # @ #+w> {,> w A 3> { 5 U>  A 3>  5 U1
Wkh htxdwlrq +6146, glhuv iurp wkh vwdqgdug irup ri wkh NS] htxdwlrq +619, zlwk wkh h{whuqdo
srwhqwldo !  31 Wkh frqvwdqw yhorflw| whup lq wkh htxdwlrq +6146, frqvlvwv ri wzr frpsrqhqwv>





htxdwlrq +6146, ghvfulehv suroh khljkw lq wkh hyroxwlrq ri vprrwk vwurpdwrolwh odplqdh +zlwk
wkh vxuidfh urxjkqhvv h{srqhqw htxdo wr }hur,1
Wkh jhqhudo vroxwlrq wr wkh lqlwldo0ydoxh sureohp +6146, 0 +6147, fdq eh rewdlqhg e| uvw xvlqj
wkh wudqvirup
#+w> {, @ 5 orj k+w> {,
dqg wkhq xvlqj vhsdudwlrq ri yduldeohv1
Wkh jhqhudo vroxwlrq wr wkh NS] w|sh wxuexohqfh sureohp +6146, 0 +6147, lv ri wkh irup
#+w> {, @ 5 orj
]
9 h{s
+{ |, 7w  4s7wh ffi~}&DC8 G = I g|. +. ,w>+6148,
li +{,> { 5 U lv d phdvxudeoh vwrfkdvwlf surfhvv dqg wkh vwrfkdvwlf lqwhjudo lq +618, h{lvwv lq
wkh phdq0vtxduh vhqvh1
Wkh vfdolqj odzv iru erwk udqgrp hogv +618, ru +6148, fdq eh rewdlqhg iurp wkh fruuhvsrqglqj
vfdolqj odzv iru wkh khdw htxdwlrq +^507/ 6:` dqg Wkhruhp < ri Dsshqgl{ F,1
Zh qrz lqwurgxfh wkh iroorzlqj frqglwlrq frqfhuqlqj wkh lqlwldo yhorflw| srwhqwldo1
D M 1 Ohw +{,> { 5 U ( eh d phdvxudeoh krprjhqhrxv dqg lvrwurslf Jdxvvldq udqgrp hog
zlwk H+{, @ 3 dqg fryduldqfh ixqfwlrq E

+{, @ fry++3,> +{,,> { 5 U ( / vxfk wkdw]
93: mE

+{,m g{ ?4>] 93: E

+{,g{ 9@ 3=+6149,
Wkhruhp 81 Ohw #+w> {,> w A 3> { 5 U ( eh d NS]0udqgrp hog ri wkh irup +618,/ lq zklfk dq
lqlwldo srwhqwldo +{,> { 5 U ( lv d udqgrp hog vdwlvi|lqj rqh ri wkh iroorzlqj frqglwlrqv=
+d, +{, vdwlvhv frqglwlrq D M 1
+e, +{, vdwlvhv frqglwlrq D M exw lqvwhdg ri +6149, lwv fryduldqfh ixqfwlrq lv ri wkh irup
E

+{, @ O+n{n,n{n E > 3 ?  ? q>
dv n{n $4> zkhuh wkh ixqfwlrq O lv ghvfulehg lq +51;,1
+f, +{, vdwlvhv frqglwlrq D1
+g, +{, vdwlvhv frqglwlrqv E dqg F1
Wkhq/ dv % $ 3/ zh kdyh wkh iroorzlqj frqyhujhqfh ri udqgrp hogv lq wkh vhqvh ri qlwh0
glphqvlrqdo glvwulexwlrqv
 $=













 47 $ [ ) +w> {,>
zkhuh [ ) +w> {,> w A 3> { 5 U ( lv wkh Jdxvvldq udqgrp hog zlwk }hur phdq dqg fryduldqfh
ixqfwlrq
H[ ) +w> {,[ ) +w M > { M , @   h{s

























K X +x, @ +4, X ^*+x,` ffi ) g Xgx X *+x, ehlqj Khuplwh sro|qrpldov>















 # w% > {s% 47 $ [  +w> {,>
zkhuh [  +w> {,> w A 3> { 5 U ( lv Jdxvvldq udqgrp hog zlwk wkh iroorzlqj vwrfkdvwlf lqwhjudo
uhsuhvhqwdwlrq














nn : ]f& Z +g,> 3 ?  ? q>+614;,
dqg wkh fryduldqfh ixqfwlrq






















nn ( ffi3E g>+614<,
zlwk f+q> , ehlqj jlyhq e| +5143, dqg Z +, wkh Jdxvvldq frpsoh{ zklwh qrlvh udqgrp phdvxuh>

















 # w%> {s% 4  orj 4 .  $ [ p +w> {,> 3 ?  ? q5 >
zkhuh [ p +w> {,> w A 3> { 5 U ( lv wkh qrq0Jdxvvldq udqgrp hog zlwk wkh iroorzlqj vwrfkdvwlf
lqwhjudo uhsuhvhqwdwlrq






















+n ) n  n  n, : ]f& Z +g ) ,Z +g  ,>+6153,
wkh grxeoh vwrfkdvwlf lqwhjudo U MG I lv hydoxdwhg zlwk uhvshfw wr frpsoh{ zklwh qrlvh Jdxvvldq










  4 .  ) 7  & @ h N&RC  ) 7 +4 . , p 7  =


























+w> {,> m @ 4> ===> s> w A 3> { 5 U ( > duh lqghshqghqw frslhv ri wkh qrq0Jdxvvldq hog
+6153, dqg  T > m  3 duh ghqhg lq +514;,1
Uhpdun 61 Wkh vfdolqj odzv iru wkh udqgrp hog +6143, fdq eh rewdlqhg iurp Wkhruhp 8 zlwk
q @ 4 dqg wkh lghqwlw|hk w%> {s% . ew %   @ U K +w> {,]9 k w% > {s%  |k 6 +|,g|>
zkhuh







dqg hk+w> {, @ h{s+d. e{,w. e  w p6 ] 9 h ffi ?  ] @ ]f Cfi & A & Cfi k 6 +|,s7wg|
lv wkh vroxwlrq ri wkh lqlwldo0ydoxh sureohp +614,0+615, zlwk wkh olqhdu srwhqwldo +61;,/ dqg
U K +w> {, @ h{s
wd%  e{w%s% . e  w p6  =
















 47 . wd% . e{w%s%  e  w p6 
$ [
F
+w> {,> w A 3> { 5 U ) > l @ 4> 5> 6> 7>
zkhuh
D ) +%, @ % ) 7 i >D  +%, @ % E 7 i O ) 7 
 4s% > 3 ?  ? 4>
D p +%, @ D
i
+%, @ % E 7  O
 4s% > 3 ?  ? 4@5=+6155,
Uhpdun 71 Wkh vfdolqj odzv iru wkh udqgrp hogv +6144, duh pruh gl!fxow dqg zloo eh glvfxvvhg
hovhzkhuh1
Uhpdun 81 Wkh vfdolqj odz iru wkh udqgrp hog +6148, fdq eh rewdlqhg lq d vlplodu pdqqhu
wr Wkhruhp 8 xvlqj Wkhruhp < +vhh Dsshqgl{ F, zlwk j+{, @ !  orj {.+.,w> j M +{, @ B  ; = Lq



























dqg wkh idfwru 5 lq wkh uljkw kdqg vlgh e| ! 
















 +. , w% . 47  $ [ F +w> {,> l @ 4> 5> 6> 7>
zkhuh D
F
+%, duh ghvfulehg lq +6155,1
Wkh vhfrqg0rughu dqg kljkhu0rughu vshfwudo ghqvlwlhv fdq qrz eh rewdlqhg iurp Wkhruhp 8
dqg wkh uhvxowv ri ^9`1 Lqghhg/ wkh vhfrqg0rughu vshfwudo ghqvlw| ri wkh Jdxvvldq hog [ ) +w> {,
lv ri wkh irup
i ) H  +, @ 

+5, ( h{s
qnn  5wr >  5 U ( >
zkhuh   lv ghqhg lq +614:,/ zkloh wkh vhfrqg0rughu vshfwudo ghqvlw| ri wkh Jdxvvldq hog
[  +w> {, lv ri wkh irup




& f +q>, h ffi
! #"!PD$P
&
nn ( ffiE > 3 ?  ? q>  5 U ( =
Wkh vhfrqg0rughu vshfwudo ghqvlw| ri wkh qrq0Jdxvvldq udqgrp hog [ p +w> {, lv ri wkh irup
i p H  +, @ F  +,f
 +q> ,
5 n+,
h ffi ! O"QPR$P &nn ( ffi  E > 3 ?  ? q5 >  5 U ( >+6156,
n+, ehlqj jlyhq e| +5148,/ zkloh wkh wklug0rughu vshfwudo ghqvlwlhv ri wkh qrq0Jdxvvldq udqgrp
hog [ p +w> {, lv ri wkh irup





















qw+n ) n  . n  n  . n ) .   n  ,r j p + ) >   ,l >
zkhuh




+n ) .   . }n n  . }n n}n, (
ffiE
> 3 ?  ? q5 >  ) > 
 5 U ( =
Wkh ixqfwlrq j p + ) >   , lv krprjhqhrxv ri rughuK @ 65q> wkdw lv/ j p +w ) > w  , @ w  j p + ) >   , >
dqg lwv Irxulhu wudqvirup lv jlyhq e|ej p +
)












n n  n n
)
   n, ffiE =+6158,
Wkh dv|pswrwlf ehkdylru ri wkh ixqfwlrqv j p + ) >   , dv 
F
$ 3 lv ghvfulehg lq Uhpdun 4 lq
Vhfwlrq 51
Wkh fruuhvsrqglqj wulvshfwud duh pruh frpsolfdwhg1 Zh duh deoh wr rewdlq
Wkhruhp 91 Wkh udqgrp hog [ p +w> {, > w A 3> { 5 U ( > zlwk {hg w A 3 lv vwulfwo| vwdwlrqdu| lq
{ ri wkh irxuwk rughu zlwk H m[ p +w> {,m i ?4 dqg lwv wulvshfwud i p H
i




+ ) >   >  p , @ 6f i +q> ,F i +,















+ ) >   >  p , @
]
9
: n ) .   .  p . n Effi ( n ) .   . n Effi ( n ) . n Effi ( nn Effi ( g=+6159,
Lq jhqhudo/ wkh vshfwudo ghqvlwlhv ri dq duelwudu| rughu s iru wkh hog [ p +w> {, duh suhvhqwhg
lq wkh qh{w wkhruhp1
Wkhruhp :1 Wkh udqgrp hog [ p +w> {, > w A 3> { 5 U ( > ghqhg e| wkh uhsuhvhqwdwlrq +6153,
iru {hg w A 3/ lv vwulfwo| vwdwlrqdu| lq { ri rughu s zlwk H m[ p +w> {,mS ?4= Lwv vshfwudo ghqvlwlhv
ri rughu s> i p H S + ) > ===> S
ffi
) , > fdq eh uhsuhvhqwhg lq wkh irup
i p H S + ) > ===> S
ffi
) , @ fS +q>,F S +,5 ffi ) +s 4,$+615:,































 ( ffiE =+615;,
Lw uhpdlqv wr ghvfuleh wkh vshfwudo ghqvlwlhv ri wkh hog [
i
+w> {,/ zklfk dsshduv lq wkh fdvh
+ly, ri Wkhruhp 81 Wklv lv grqh lq wkh qh{w wkhruhp1
Wkhruhp ;1 Wkh udqgrp hog [
i
+w> {, > w A 3> { 5 U ( / ghqhg e| wkh uhsuhvhqwdwlrq lq wkh
uljkw kdqg vlgh ri wkh irupxod +6154, iru {hg w A 3 lv vwulfwo| vwdwlrqdu| lq {= Lwv prphqwv ri













i p H X + ) > ===>  X
ffi
) , >
zkhuh i p H X + ) > ===>  X
ffi





























































+n ) n n  n, ( ffiE g ) g  =
Wkh fkdqjh ri yduldeohv  ) @  M
)
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+n   n n  n, ( ffiE

g=




+n   n n  n, ( ffiE @ n +, nn  Effi ( =
Iurp wkh deryh irupxodh lw iroorzv wkdw wkh vshfwudo ghqvlwlhv ri vhfrqg rughu duh jlyhq e|
i U X +, @  i f
 +q>,
+4 . ,  n+,h ffi
! O"QPD$P
& nn  Effi (  G U I  G X I =
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lv wkh vhw ri doo frpsohwh forvhg gldjudpv  zlwk s ohyhov ryhu yhuwlfhv
+q ) > ===> qS , @ +5> ===> 5, > doo gldjudpv  5  
S
duh flufxodu/ wkdw lv/ wkh yhuwlfhv +4> 4, > +4> 5, >
+5> 4, > +5> 5, > ===> +s> 4, > +s> 5, fdq eh rughuhg dv +4> 4, > +4> 5, > +  > l p , > +  > l
i
, >
===> + S > l  S
ffi
) , > + S > l  S , zlwk +4> 5, frqqhfwhg wr +  > l p , e| dq hgjh lq > + X > l  X , frqqhfwhg wr
+ X L) > l  X L) , > n @ 5> ===> s 4 dqg + S > l  S , frqqhfwhg wr +4> 4, > dqg
k  @
]
93:hw k G U N I; N  M
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>   k G U  & I; 
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 M  >  p  ===k G U  w I;  w  M
S
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+n ) n n  n, G ( ffiE I 7  >
+  > ===>  S , ehlqj d shupxwdwlrq ri +5> ===> s,1 Wkh qxpehu ri doo flufxodu gldjudpv lv  
S
 @
5S ffi ) +s 4,$= Khqfh wkhuh duh 5S ffi ) +s 4,$ whupv lq wkh vxp rq wkh uljkw0kdqg vlgh ri +714,1
Wkh w|slfdo whup wr hvwlpdwh lv]
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  G U w IS  g ) ===gS =
Qrwlqj wkdw +{ ) >     ) , . +{  >  p    , . ===. +{S >  )  S , @ +{ )  {S >     ) ,
. +{   {S >  p    , . ===. +{S
ffi
)  {S > S  S
ffi
) , > wkh fkdqjh ri yduldeohv  X   X
ffi
) @  M
X
> n @
5> ===> s dqg  ) @  M
)
|lhogv
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 ] 93: g )+n ) n n ) .   n === n ) .   . ===. S n, ( ffiE ,g  ===gS =
Khqfh/ wkh swk rughu vshfwudo ghqvlw| ri wkh surfhvv ] ) +w> {, lv jlyhq e| wkh iroorzlqj irupxod=
i U N!V V V U w + ) > ===> S
ffi
) , @
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 ( ffiE <A@A> =
Surri ri Wkhruhp 71 Wkhruhp 7 iroorzv dv d frqvhtxhqfh ri Wkhruhp 5 dqg wkh iroorzlqj surs0
huwlhv ri fxpxodqwv=
+l, fxpid ) [ ) > ===> d ( [ ( j @ d ) ====d ( fxpi[ ) > ===>[ ( j iru frqvwdqwv d ) > ===> d ( >
+ll, li wkh udqgrp yhfwruv +[ ) > ===>[ ( , M dqg +\ ) > ===> \ ( , M duh vwdwlvwlfdoo| lqghshqghqw/ wkhq
fxpi[ ) . \ ) > ===>[ ( . \ ( j @ fxpi[ ) > ===>[ ( j. fxpi\ ) > ===> \ ( j1
Wkh surriv ri wkh wkhruhpv ri Vhfwlrq 6 fdq eh rewdlqhg dqdorjrxvo|/ zlwk wkh xvh ri wkh
vdph whfkqltxh dv deryh +vhh dovr Dqk hw do1 5336,/ khqfh zloo eh rplwwhg1
Dsshqgl{ D1 Ulhv}*v frpsrvlwlrq irupxod
Wkh iroorzlqj vwdwhphqw lv nqrzq dv Ulhv}*v frpsrvlwlrq irupxod=
Vxssrvh wkdw 3 ?  ? q> 3 ?  ? q> 3 ? .  ? q> wkhq]
9





n +> , @  (7 
  E      ( ffiEffi  
  ( ffiE  ( ffi   E L  +D14,
+vhh ^54`/ s1 :4,1
Dsshqgl{ E1 Fxpxodqwv ri pxowlsoh vwrfkdvwlf lqwhjudov
Wklv Dsshqgl{ lv edvhg rq ^53/ 55/ 8:/ 8;`1
Rqh ri wkh edvlf wrrov iru hydoxdwlqj surgxfwv ri pxowlsoh vwrfkdvwlf Zlhqhu0Lw÷ lqwhjudov dqg
wkhlu prphqwv lv wkh gldjudp irupxod1 Lw ruljlqdwhv iurp wkh gldjudp irupxod iru wkh surgxfwv ri
Khuplwh sro|qrpldov ri Jdxvvldq udqgrp yduldeohv1 Zh suhsduh khuh wkh irupxod iru hydoxdwlqj
wkh fxpxodqwv ri pxowlsoh vwrfkdvwlf lqwhjudov zklfk lv d frqvhtxhqfh ri wkh gldjudp irupxod1
Zh uvw lqwurgxfh vrph qrwdwlrqv dqg ghqlwlrqv1
Ohw p ) > ===>pS eh jlyhq srvlwlyh lqwhjhuv1 Dq xqgluhfwhg judsk  zlwk p ) . === .pS @ P
yhuwlfhv lv fdoohg d gldjudp ri rughu +p ) > ===>pS , li
d, wkh vhw ri yhuwlfhv Y ri wkh judsk  lv ri wkh irup




ZT @ i+m> o, = 4  o pT j
lv wkh m0wk ohyho ri wkh judsk > 4  m  s>
e, hdfk yhuwh{ lv dw prvw ri ghjuhh 4/ wkdw lv/ phw e| dw prvw rqh hgjh>
f, li yhuwlfhv +m ) > l ) , dqg +m  > l  , duh mrlqhg e| dq hgjh z @ ++m ) > l ) , > +m  > l  ,, > wkhq m ) 9@ m  >
wkdw lv/ wkh hgjhv ri wkh judsk  fdq frqqhfw rqo| glhuhqw ohyhov1
Ohw +p ) > ===>pS , ghqrwh wkh vhw ri gldjudpv ri rughu +p ) > ===>pS , = Ghqrwh e| N +, wkh vhw
ri hgjhv ri d gldjudp  5 +p ) > ===>pS , = Zlwk hdfk hohphqw y 5 Y> zh fdq dvvrfldwh dq lqwhjhu
ghqrwlqj wkh srvlwlrq dw zklfk y dsshduv lq wkh olvw +E14,1 Wkxv wkh srvlwlrq ri +4> 4, lv 4/
wkh srvlwlrqv ri +4> 5, lv 5 dqg vr rq1 Wkh srvlwlrq ri wkh odvw yhuwh{ +s>pS , lv P= Hdfk hgjh
z @ ++m ) > l ) , > +m  > l  ,, 5 N +, fdq dovr eh wkrxjkw ri dv z @ +n ) > n  , > zkhuh n ) lv wkh srvlwlrq
ri wkh yhuwh{ +m ) > l ) , dqg n  lv wkh srvlwlrq ri wkh yhuwh{ +m  > l  , lq wkh olvw +E14,1 D gldjudp  lv
fdoohg frpsohwh li hdfk ri lwv yhuwlfhv lv phw e| dq hgjh/ wkdw lv/ wkhuh h{lvw qr lvrodwhg yhuwlfhv1
Lq vxfk d fdvh/ wkh qxpehu ri hgjhv lq  lv mN +,m @P@5= D gldjudp lv fdoohg forvhg li wkh vhw
ri lwv ohyhov iZT > m @ 4> ===> sj fdqqrw eh vsolw lqwr wzr vxevhwv frqqhfwhg e| qr hgjh1
Ohw k
F
5 O  +U ( r k , > l @ 4> ===> s> dqg ghqh






  k ] N L) > ===>   k  >
zkhuh P
F
@ p ) . ===.p
F
> l @ 4> 5> ===> s> P 6 @ 3 dqg PS @ P= Wkh iroorzlqj irupxod lv xvhg




















































  X k .  XZ[  g X k  >+E15,
zkhuh wkh vxp lv wdnhq ryhu doo frpsohwh forvhg gldjudpv  ri rughu +p ) > ===>pS , > N +, lv wkh




Dsshqgl{ F1 Ghowd phwkrg
Wkh iroorzlqj vwdwhphqw fdq eh suryhg vlploduo| wr Vhu lqj ^87`/ ss1 4550456 +vhh dovr ^83`/
ss1 5950596 iru d qhz surri ri wklv uhvxow e| xvlqj wkh Vnrurnkrg wkhruhp iru olplwlqj qrupdo
odz1 Wkh surri grhv qrw ghshqg rq wkh olplwlqj udqgrp yduldeoh,1
Wkhruhp <1 Ohw k+w> {,> w A 3> { 5 U ( eh d vsdwlrwhpsrudo udqgrp hog vxfk wkdw iru vrph uhdo









p $ X+w> {,
dv %$ 3/ zkhuh X+w> {,> w A 3> { 5 U ( lv d vsdwlrwhpsrudo udqgrp hog1
Wkhq iru dq| uhdo0ydoxhg ixqfwlrq j+x,> x 5 U ) glhuhqwldeoh dw x @p/ zlwk j M +p, 9@ 3>p 5 U/
wkh iroorzlqj frqyhujhqfh ri qlwh0glphqvlrqdo glvwulexwlrqv krogv wuxh=








 j +p, $ X+w> {,
dv %$ 31
Uhihuhqfhv
^4` Doehyhulr/ V1/ Profkdqry/ V1D1 dqg Vxujdlolv/ G1 +4<<7,/ Vwudwlhg vwuxfwxuh ri wkh Xqlyhuvh
dqg Exujhuv* htxdwlrq= D suredelolvwlf dssurdfk/ Sure1 Wkhru| dqg Uho1 Ilhogv 433/ 78:07;71
^5` Dqk/ Y1Y1 dqg Ohrqhqnr/ Q1Q1 +4<<<,/ Qrq0Jdxvvldq vfhqdulrv iru wkh khdw htxdwlrq zlwk
vlqjxodu lqlwldo frqglwlrqv/ Vwrfk1 Surf1 Dsso1 ;7/ <404471
^6` Dqk/ Y1 Y1 dqg Ohrqhqnr/ Q1Q1 +5334,/ Vshfwudo dqdo|vlv ri iudfwlrqdo nlqhwlf htxdwlrqv zlwk
udqgrp gdwd1 M1 Vwdwlvw1 Sk|v1 437/ 467<046;:1
^7` Dqk/ Y1Y1 dqg Ohrqhqnr/ Q1Q1 +5335,/ Uhqrupdol}dwlrq dqg krprjhql}dwlrq ri iudfwlrqdo
glxvlrq htxdwlrqv zlwk udqgrp gdwd/ Sure1 Wkhru| dqg Uho1 Ilhogv 457/ 6;4073;1
^8` Dqk Y1Y1/ Dqjxor/ M1P1 dqg Uxl}0Phglqd/ P1G1 +4<<<,/ Srvvleoh orqj0udqjh ghshqghqfh lq
iudfwlrqdo udqgrp hogv/ M1 Vwdwlvw1 Sodqq1 Lqihu1 ;3/ <84431
^9` Dqk/ Y1 Y1/ Ohrqhqnr/ Q1Q1/ dqg Vdnkqr/ O1 P1 +5336,/ Kljkhu0rughu vshfwudo ghqvlwlhv ri
iudfwlrqdo udqgrp hogv/ M1 Vwdwlvw1 Sk|v1 444/ :;<;471
^:` Dqk/ Y1Y1/ Ohrqhqnr/ Q1Q1 dqg Vdnkqr/ O1 +5337d,/ Txdvlolnholkrrg0edvhg kljkhu0rughu
vshfwudo hvwlpdwlrq ri udqgrp hogv zlwk srvvleoh orqj0udqjh ghshqghqfh/ M1 Dssolhg Suredelo0
lw| 74D/ 680861
^;` Dqk/ Y1Y/ Ohrqhqnr/ Q1Q1 dqg Vdnkqr/ O1P1 +5337e,/ Rq d fodvv ri plqlpxp frqwudvw hv0
wlpdwruv iru iudfwlrqdo vwrfkdvwlf surfhvvhv dqg hogv/ M1 Vwdwlvw1 Sodqq1 Lqihu1 456/ 49404;81
^<` Dqk/ Y1Y/ Ohrqhqnr/ Q1Q1/ Progdyvnd|d/ H1P1 dqg Vdnkqr/ O1P1 +5336,/ Hvwlpdwlrq ri
vshfwudo ghqvlwlhv zlwk pxowlsolfdwlyh sdudphwhu/ Dfwd Dssolfdqg1 Pdwk1 :</ 448045;1
^43` Edudedvl/ D1O1 dqg Vwdqoh|/ K1H1 +4<<8,/ Iudfwdo Frqfhswv ri Vxuidfh Jurzwk/ Fdpeulgjh
Xqly1 Suhvv1
^44` Eduqgru0Qlhovhq/ R1H1 dqg Ohrqhqnr/ Q1Q1 +5338,/ Exujhuv wxuexohqfh sureohp zlwk olq0
hdu ru txdgudwlf h{whuqdo srwhqwldo/ M1 Dsso1 Sure/ 75/ 88308941
^45` Edwfkhoru/ P1W1/ Exuqh/ U1Y1/ Khqu|/ E1L1 dqg Zdww/ V1G1 +5333,/ Ghwhuplqlvwlf NS] prgho
iru vwurpdwrolwh odplqdh/ Sk|vlfd D 5;5/ 405/ 45604691
^46` Ehuwrlq/ M1 +4<<;d,/ Odujh0ghyldwlrq hvwlpdwhv lq Exujhuv wxuexohqfh zlwk vwdeoh qrlvh lql0
wldo gdwd/ M1 Vwdw1 Sk|v1 <4/ 988099:1
^47` Ehuwrlq/ M1 +4<<;e,= Wkh lqylvflg Exujhuv htxdwlrq zlwk Eurzqldq lqlwldo yhorflw|1 Frp0
pxq1 Pdwk1 Sk|v1 4<6/ 6<:07391
^48` Exolqvnl/ D1Y1 dqg Profkdqry/ V1D1 +4<<4,/ Dv|pswrwlf Jdxvvldqhvv ri vroxwlrqv ri wkh
Exujhuv htxdwlrq zlwk udqgrp lqlwldo frqglwlrqv1 Wkhru| Surede1 Dsso1 69/ 54:05681




^4:` Fkrulq/ D1M1 +4<:8,/ Ohfwxuh Qrwhv lq Wxuexohqfh Wkhru|/ Ehunhoh|/ Fdoliruqld1
^4;` Ghulhy/ L1 dqg Ohrqhqnr/ Q1 +4<<:,/ Olplw Jdxvvldq ehkdylru ri wkh vroxwlrqv ri wkh pxowl0
glphqvlrqdo Exujhuv* htxdwlrq zlwk zhdn0ghshqghqw lqlwldo frqglwlrqv/ Dfwd Dssolfdqg1 Pdwk1
7:/ 404;1
^4<` Ghuprqh/ D1/ Kdpdghqh/ V1dqg Rxnqlqh +4<<<,/ Olplw wkhruhpv iru vwdwlvwlfdo vroxwlrq ri
Exujhuv htxdwlrq/ Vwrfk1 Surf1 Dsso1 ;4/ 4:0561
^53` Greuxvklq/ U1O1 +4<:<,/ Jdxvvldq dqg wkhlu vxeruglqdwhg vhoi0vlplodu udqgrp jhqhudol}hg
hogv/ Dqq1 Surede1 :/ 405;1
^54` Gx Sohvvlv/ Q1 +4<:3,/ Dq Lqwurgxfwlrq wr Srwhqwldo Wkhru|/ Rolyhu ) Er|g/ Hglqexujk1
^55` Ir{/ U1 dqg Wdttx/ P1V1 +4<;:,/ Pxowlsoh vwrfkdvwlf lqwhjudov zlwk ghshqghqw lqwhjudwruv/
M1 Pxowlyduldwh Dqdo1 54/ 438045:1
^56` Iulvfk/ X1 +4<<8,/ Wxuexohqfh/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1
^57` Ixqdnl/ W1/ Vxujdlolv/ G1 dqg Zr|f}|qvnl/ Z1D1 +4<<8,/ Jleev0Fr{ udqgrp hogv dqg Exuj0
huv wxuexohqfh1 Dqq1 Dsso1 Surede1 8/ 79407<51
^58` Jxuedwry V1Q1 +5333,/ Xqlyhuvdolw| fodvvhv iru vhoi0vlplodulw| ri qrlvhohvv pxowlglphqvlrqdo
Exujhuv wxuexohqfh dqg lqwhuidfh jurzwk/ Sk|vlfdo Uhylhz H 94/ yro 6/ 58<8059371
^59` Jxuedwry/ V1/ Pdodnkry/ D1 dqg Vdlfkhy/ D1 +4<<4,/ Qrq0olqhdu Zdyhv dqg Wxuexohqfh lq
Qrqglvshuvlyh Phgld= Zdyhv/ Ud|v dqg Sduwlfohv/ Pdqfkhvwhu Xqlyhuvlw| Suhvv/ Pdqfkhvwhu1
^5:` Jxuedwry/ V1Q1/ Vlpg|dqnlq/ V1L1 Dxuhoo/ H1/ Iulvfk/ X1 dqg Wöwk/ J1 +4<<:,/ Rq wkh ghfd|
ri Exujhuv wxuexohqfh/ M1 Ioxlg Phfk1677/ 66<06:71
^5;` Krsi/ H1 +4<83,/ Wkh sduwldo glhuhqwldo htxdwlrq x ; . xx ; @ x ;; / Frppxq1 Sxuh Dsso1
Pdwk1 6/ 53405631
^5<` Kx/ \1 dqg Zr|f}|qvnl/ Z1D1 +4<<8,/ Olplwlqj ehkdylrxu ri txdgudwlf irupv ri prylqj
dyhudjhv dqg vwdwlvwlfdo vroxwlrqv ri wkh Exujhuv* htxdwlrq/ M1 Pxowly1 Dqdo1 85/ 480771
^63` Mxqj/ \1 dqg Nlp/ L1 +4<<;,/ Hhfw ri orqj0udqjh lqwhudfwlrqv lq wkh frqvhuyhg Ndugdu0
Sdulvl0]kdqj htxdwlrq/ Sk|v1 Uhy1 H 8;/ 879:087:31
^64` Ndugdu/ P1/ Sdulvl/ J1 dqg ]kdqj/ \1F1 +4<;9,/ G|qdplfdo vfdolqj ri jurzlqj lqwhuidfhv/
Sk|v1 Uhy1 Ohww1 89/ ;;<0;<51
^65` Nuxj/ M1 +4<<:,/ Ruljlqv ri vfdoh lqyduldqfh lq jurzwk surfhvvhv/ Dgydqfhv lq Sk|vlfv 79/
46<05;51
^66` Odxulwvhq/ N1E1 +4<<8,/ Jurzwk htxdwlrq zlwk d frqvhuydwlrq odz/ Sk|v1 Uhy1 H 85/ U45940
U45971
^67` Ohrqhqnr/ Q1 +4<<<,/ Olplw Wkhruhpv iru Udqgrp Ilhogv zlwk Vlqjxodu Vshfwuxp/ Noxzhu/
Gruguhfkw1
^68` Ohrqhqnr/ Q1 dqg Ruvlqjkhu/ H1 +4<<8,/ Olplw wkhruhpv iru vroxwlrqv ri Exujhuv htxdwlrq
zlwk Jdxvvldq dqg qrq0Jdxvvldq lqlwldo gdwd/ Wkhru| Sure1 Dsso1 73/ 6;:07361
^69` Ohrqhqnr/ Q1Q1 dqg Zr|f}|qvnl/ Z1D1 +4<<;,/ H{dfw sduderolf dv|pswrwlfv iru vlqjxodu
qG Exujhuv udqgrp hogv= Jdxvvldq dssur{lpdwlrq/ Vwrfk1 Surf1 Dsso1 :9/ 47404981
^6:` Ohrqhqnr/ Q1Q1 dqg Zr|f}|qvnl/ Z1D1 +4<<;, Vfdolqj olplwv ri vroxwlrq ri wkh khdw htxdwlrq
zlwk qrq0Jdxvvldq gdwd/ M1 Vwdw1 Sk|v <4+425,/ 756075;1
^6;` Ohrqhqnr/ Q1Q1 dqg Zr|f}|qvnl/ Z1D1 +4<<<,/ Sdudphwhu lghqwlfdwlrq iru vlqjxodu udq0
grp hog dulvlqj lq Exuhjuhv wxuexohqfh/ M1 Vwdwlvw1 Sodqq1 Lqihu1 ;3/ 40461
^6<` Ohrqhqnr/ Q1Q1 dqgZr|f}|qvnl/ Z1D1 +5334,/ Sdudphwhu lghqwlfdwlrq iru vwrfkdvwlf Exuj0
huv*  rzv yld sduderolf uhvfdolqj/ Sure1 Pdwkhp1 Vwdwlvw1 54/ Q 4/ 40881
^73` Ohrqhqnr/ Q1Q1 dqg Ol ]kdq Elqj1 +4<<7,/ Qrq0Jdxvvldq olplw glvwulexwlrqv ri vroxwlrqv ri
wkh Exujhuv htxdwlrq zlwk vwurqjo| ghshqghqw udqgrp lqlwldo frqglwlrqv/ Udqgrp Rshu1 Vwrfk1
Htxdwlrqv 5/ <804351
^74` Ohrqhqnr/ Q1Q/ Ruvlqjkhu/ H1 dqg U|edvry/ N1Y1+4<<7,/ Olplw glvwulexwlrqv ri vroxwlrqv





^75` Ohrqhqnr/ Q1Q/ Ol ]1E1 dqg U|edvry/ N1Y1+4<<8,/ Qrq0Jdxvvldq olplw glvwulexwlrqv ri vr0
oxwlrqv ri wkh pxowlglphqvlrqdo Exujhuv htxdwlrq zlwk udqgrp gdwd/ Xnudlq1 Pdwk1 M1 7:/
66306691
^76` Ohrqhqnr/ Q1Q1/ Ruvlqjkhu/ H1 dqg Sdunkrphqnr/ Y1Q1 +4<<8,/ Vfdolqj olplwv ri vroxwlrqv
ri wkh Exujhuv htxdwlrq zlwk vlqjxodu qrq0Jdxvvlqd gdwd/ Udqgrp Rshu1 Vwrfk1 Htxdwlrqv 6/
43404451
^77` Pdqq/ M1D1 dqg Zr|f}|qvnl/ Z1D1 +5334,/ Jurzlqj iudfwdo lqwhuidfhv lq wkh suhvhqfh ri vhoi0
vlplodu krsslqj vxuidfh glxvlrq/ Sk|vlfd D1 Vwdwlvwlfdo Phfkdqlfv dqg Lwv Dssolfdwlrqv 5<4/
48<04;61
^78` PfNhdq/ K1P1 +4<:7,/ Zlhqhu wkhru| ri qrqolqhdu qrlvh1 Lq= Vwrfk1 Gl1 Htx1/ Surf1
VLDP0DPV/ 9/ 4<405;<1
^79` Profkdqry/ V1D1/ Vxujdlolv/ G1 dqg Zr|f}|qvnl/ Z1D1 +4<<8,/ K|shuerolf dv|pswrwlfv lq
Exujhuv wxuexohqfh/ Frppxq1 Pdwk1 Sk|v1 49;/ 53<05591
^7:` Profkdqry/ V1D1/ Vxujdlolv/ G1 dqg Zr|f}|qvnl/ Z1D1 +4<<:,/ Wkh odujh0vfdoh vwuxfwxuh ri
wkh Xqlyhuvh dqg txdvl0Yrurqrl whvvhoodwlrq ri vkrfn iurqwv lq irufhg Exujhuv wxuexohqfh lq U  /
Dqq1 Dsso1 Sure1 :/ 55305561
^7;` Pxnkhuml/ V1 dqg Ekdwwdfkdumhh/ V1P1 +4<<:,/ Qrqorfdolw| lq nlqhwlf urxjkhqlqj/ Sk|v1 Uhy1
Ohww1 :</ 5835058381
^7<` Qxdoduw/ G1/ ßvw qho/ D1V1 dqg ]dndl P1+4<;;,/ Rq wkh prphqw ri d pxowlsoh Zlhqhu0Lw÷
lqwhjudo dqg wkh vsdfh lqgxfhg e| wkh sro|qrpldo ri wkh lqwhjudo1 Vwrfkdvwlfv/ 58/ 56506731
^83` Uhvqlfn/ V1 +5334,/ D Suredelolw| Sdwk/ Elunkçxvhu/ Ervwrq1
^84` Urvhqeodww/ P1 +4<;:,/ Vfdoh uhqrupdol}dwlrq dqg udqgrp vroxwlrqv ri Exujhuv htxdwlrq/ M1
Dsso1 Sure1 57/ 65;066;1
^85` Uxl}0Phglqd/ P1G1/ Dqjxor/ M1P1 dqg Dqk/ Y1Y1 +5334,/ Vfdolqj olplw vroxwlrq ri d iudf0
wlrqdo Exujhuv htxdwlrq/ Vwrfk1 Surf1 Dsso1/ <6 5;86331
^86` U|dq/ U1 +4<<;,/ Wkh vwdwlvwlfv ri Exujhuv wxuexohqfh lqlwldwhg zlwk iudfwlrqdo Eurzqldq0
qrlvh gdwd1 Frppxq1 Pdwk1 Sk|v1 4<4/ 433;0436;1
^87` Vhu lqj/ U1M1 +4<;3,/ Dssur{lpdwlrq Wkhruhpv ri Pdwkhpdwlfdo Vwdwlvwlfv/ Zloh|/ Qhz \run1
^88` Vkdqgdulq/ V1I1 dqg ]hogrylfk/ \d1E1 +4<;<,/ Wxuexohqfh/ lqwhuplwwhqf|/ vwuxfwxuhv lq d ohiw0
judylwdwlqj phglxp= Wkh odujh vfdoh vwuxfwxuh ri wkh Xqlyhuvh/ Uhy1 Prghuq Sk|v1 94/ 4;805531
^89` Vlqdl/ \d1 J1 +4<<5,/ Vwdwlvwlfv ri vkrfnv lq vroxwlrqv ri lqylvflg Exujhuv htxdwlrq/ Frppxq1
Pdwk1 Sk|v1 47;/ 93409541
^8:` Wdttx/ P1V1 +4<::,/ Odz ri wkh lwhudwhg orjdulwkp iru vxpv ri qrq0olqhdu ixqfwlrqv ri
Jdxvvldq wkdw h{klelw d orqj0udqjh ghshqghqfh/ ]1 Zdkuvfk1 Yhuz1 Jhelhwh 73/ 536056;1
^8;` Whugln/ J1 +4<<<,/ Elolqhdu Vwrfkdvwlf Prghov dqg Uhodwhg Sureohpv ri Qrqolqhdu Wlph
Vhulhv Dqdo|vlv/ Ohfwxuh Qrwhv lq Vwdwlvwlfv 475/ Vsulqjhu0Yhuodj1
^8<` Zlwkdp/ J1E1 +4<:7,/ Olqhdu dqg Qrqolqhdu Zdyhv/ Zloh|/ Qhz \run1
^93` Zr|f}|qvnl/ Z1D1 +4<<;,/ Exujhuv0NS] Wxuexohqfh/ Ohfwxuh Qrwhv lq Pdwkhpdwlfv 4:39/
Vsulqjhu0Yhuodj/ Ehuolq1
Vfkrro ri Pdwkhpdwlfdo Vflhqfhv/ Txhhqvodqg Xqlyhuvlw| ri Whfkqrorj|/ JSR Er{ 5767/ Eulv0
edqh TOG 7334/Dxvwudold
H0pdlo dgguhvv/ Y1Y1 Dqk= y1dqkCtxw1hgx1dx
Fduglii Vfkrro ri Pdwkhpdwlfv/ Fduglii Xqlyhuvlw|/ Vhqjkhqq|gg Urdg/ Fduglii FI57 7DJ/
XN
H0pdlo dgguhvv/ Q1Q1 Ohrqhqnr= OhrqhqnrQCFduglii1df1xn
Ghsduwphqw ri Phfkdqlfv dqg Pdwkhpdwlfv/ N|ly Wdudv Vkhyfkhqnr Qdwlrqdo Xqlyhuvlw|/ Yrorg|p|uvnd
vwu1 97/ N|ly/ 34366/ Xnudlqh
H0pdlo dgguhvv/ O1P1 Vdnkqr= opvCxqly1nlhy1xd
